The locking of the electron spin to the valley degree of freedom in transition metal dichalcogenide (TMD) monolayers has seen them emerge as a promising platform in valleytronics [1, 2] . When embedded in optical microcavities the large oscillator strengths of excitonic transitions in TMDs allow the formation of polaritons which are part-light part-matter quasiparticles [3] [4] [5] [6] [7] . Here, we report that polaritons in MoSe2 show an efficient retention of the valley pseudospin contrasting them with excitons and trions in this material. We find that the degree of the valley pseudospin retention is dependent on the photon, exciton and trion fractions in the polariton states. This allows us to conclude that in the polaritonic regime, cavity-modified exciton relaxation inhibits loss of the valley pseudospin. The valley addressable exciton-trion-polaritons presented here offer robust valley polarised states with the potential for valleytronic devices based upon TMDs embedded in photonic structures and valley-dependent nonlinear polariton-polariton interactions.
Single layers of transition metal dichalcogenides (TMDs) are two-dimensional (2D) direct band-gap semiconductors which exhibit pronounced exciton resonances with binding energies of around 0.5 eV [8] [9] [10] . The monolayer nature of TMDs gives rise to strongly confined excitons with Bohr radii of around 1 nm and large oscillator strengths evident from optical absorption as strong as 15% [8] . By embedding TMD monolayers in optical microcavities this huge oscillator strength has allowed the realisation of the strong light-matter coupling regime and the formation of part-light part-matter polariton eigenstates [3] [4] [5] [6] [7] . Polaritonic states inherit properties such as a strong nonlinear interaction and low effective mass from the constituent exciton and photon components. In other material systems, this has led to the experimental realisation of a wealth of rich nonlinear phenomena such as Bose-Einstein condensation [11] , superfluid-like behavior [12] and optical spin switching [13] . The observation of exciton-polaritons in TMDs creates new opportunities in engineering the polariton-polariton interaction [14, 15] in 2D materials. Moreover, TMD based polaritons are expected to inherit additional degrees of freedom of valley pseudospin and finite Berry curvature from their constituent excitons and trions which can be utilised in new valley-polaritonic implementations [16] .
In this article we report on the valley addressability of polaritons in MoSe 2 monolayers embedded in tunable microcavities. We report clear valley polarisation of both exciton-and trion-polaritons which show a strong dependence of the polarisation degree on the cavity detuning. In the bare flake fast exciton depolarisation occurs due to the Maialle-Silva-Sham (MSS) mechanism [17] [18] [19] . We demonstrate that in the strong coupling regime this depolarisation mechanism can be overcome and robust valleypolarised polariton states with much higher polarisation degrees can be achieved. We support this conclusion using a dynamical model which reproduces the experimental data by incorporating cavity-modified relaxation of excitons to polariton branches which have long valley pseudospin relaxation times due to the reduced effect of exciton disorder scattering [20] . The demonstration of retention and control of valley polarisation and suppression of intervalley relaxation of MoSe 2 polaritons opens new avenues for the exploration of spin/valley dependent polariton-polariton interactions in TMD microcavity systems as well as the development of valleytronic devices based upon TMDs embedded in photonic structures.
The combination of time-reversal symmetry, strong spin-orbit coupling and the absence of crystal inversion symmetry in TMD monolayers leads to the coupling of spin and valley degrees of freedom [1, 2] . At both the conduction and valence band edges, the electron spin orientation is locked to the valley index allowing direct optical initialisation of the valley pseudospin in the non-equivalent K and K' valleys of the hexagonal Brillouin zone with σ + /σ − excitation respectively, as shown in Fig.1a and Fig.1b . The van der Waals (VDWs) heterostructure utilised in this study consists of a single monolayer of MoSe 2 encapsulated on both sides with thin films of hexagonal boron nitride (hBN) and placed on the surface of a planar distributed Bragg reflector (DBR). PL spectra under non-resonant σ + polarised excitation at 1.946 eV and 4.2 K for MoSe 2 are shown in Fig.1c . Two characteristic peaks are observed and ascribed to the neutral (X 0 ) and charged (X − )e xciton resonances. The polarisation degree, defined as ρ =(I co −I cross )/(I co +I cross )whereI co (I cross ) is the intensity component co-polarised (cross-polarised) relative to the excitation, is around 5% and 2% for the exciton and trion respectively, consistent with the low values previously reported in MoSe 2 [21] .
A tunable microcavity is formed by introducing a top concave DBR into the optical path using nanopositioners and bringing the two DBRs to a total optical cavity length of around 2.9 µm [22] . The formed hemispherical cavity provides 3-dimensional photonic confinement, as shown in Fig.1d , leading to the formation of 0-dimensional Laguerre-Gaussian (LG) cavity modes [4] . The ground state longitudinal mode has a flat dispersion in momentum-space with an extent comparable to the inverse of the confined mode beam waist of ∼ 1 µm. A clear anticrossing and the formation of polariton branches is observed in PL when the longitudinal mode is tuned through resonance with X 0 as shown in Fig.2a by reducing the DBR separation. Coupling to the first transverse cavity mode and the formation of polaritons (MPB2 and UPB2) is also present within the figure but all following discussion refers to the polariton branches formed due to coupling with the longitudinal mode. Fitting the polariton peak positions with a coupled oscillator model yields a Rabi splitting of 15.2 ± 0.1m e Vf o rX 0 .A n a lysis and fitting of the lineshape when close to resonance between the cavity and trion energies reveals the onset of strong coupling with a coupling strength of around 1.3 ± 0.1 meV as shown in Supplementary Fig.S1 . The trion-polariton peaks are not fully resolved at resonance due to the cavity-trion Rabi splitting being comparable to the inhomogeneously broadened polariton linewidths. In an additional sample clear trion-polariton branches are resolved at resonance as discussed below. While the bare monolayer PL is dominated by trion emission, the trioncavity coupling strength is much less than the excitoncavity coupling strength. The oscillator strength, which is reflected in the Rabi splitting and not the PL intensity, is controlled by the position of the Fermi level [6, 23] . In our sample the Fermi level is determined by uncontrolled doping and is of a value such that the exciton oscillator strength is much larger than that of the trion. In the following discussion we take the peak below the trion as the lower polariton branch (LPB), the peak between the trion and exciton as the middle polariton branch (MPB) and the peak above the exciton as the upper polariton branch (UPB), as labelled in Fig.2a .
The retention of valley pseudospin of the polaritonic system was probed through excitation with non-resonant σ + circularly polarised light at 1.946 eV, close to a DBR reflectivity minimum. The same behaviour is observed under σ − excitation. We perform the measurements in the low polariton density regime where the integrated intensity behaves linearly with pump power and where polariton-polariton interactions can be neglected (see Supplementary Fig.S2 ). Fig.2b shows the PL spectra at zero exciton-photon detuning for co-(black) and cross-polarised (red) collection, where clear retention of valley polarisation indicates an injected imbalance in the polariton valley populations. In-situ tunability of the cavity resonance allows the dependence of the polarisation degree on detuning to be probed through control of the mirror separation. The result for each polariton branch is plotted in Fig.2c where the cavity mode is tuned through resonance with X − and X 0 as in Fig.2a , and the polarisation degree is calculated from the peak intensities of fitted spectra in co-and cross-polarised components. Spectra corresponding to a full range of detunings are shown in Supplementary Fig.S3 and S4 . For the LPB we see a low polarisation degree when strongly negatively detuned and an abrupt increase to around 13% when close to resonance with X − , before falling when positively detuned to the trion resonance. For detunings ∆ > −20 meV, coupling between the trion and higher order modes masks the polarisation degree of the trion-like LPB, so it is neglected in the following analysis. The MPB polarisation degree is initially low at negative detunings before rising to a maximum of 18% close to zero trion-cavity detuning, before dropping and increasing to around 15% when slightly negatively detuned from X 0 , then falling to the bare exciton level at positive detunings. Finally the UPB shows an almost linear increase in polarisation degree with detuning, to a maximum value of around 17% at the maximum probed positive detuning of ∆ = +25 meV. For all polariton branches, the polarisation degree maxima are significantly enhanced in comparison to the bare exciton and trion resonances. Similar behaviour is measured for a second MoSe 2 sample with polarisation degrees of up to 20% as shown in Supplementary Fig.S6 . In a third sample, trion-polariton peaks are resolved at resonance as shown in Fig.3a where a clear anticrossing between the cavity mode and trion state can be seen. The fitted peak positions are shown in Fig.3b where the extracted trion-cavity Rabi splitting is 4.4±0.3 meV. Fig.3c shows polarisation resolved spectra of the trion-polariton branches at a trion-cavity detuning of +2.2m e Va n da n elevated temperature of 50 K where retention of valley polarisation is present in both polariton branches.
To describe the relaxation processes taking place in the system with both exciton and trion resonances coupled with a single cavity mode we consider the dynamical processes presented in Fig.4a . After photoexcitation, valley polarised carriers scatter to high in-plane wavevector (k-vector) excitonic states. The main valley pseudospin relaxation mechanism occurs here due to the Coulomb exchange interaction between the constituent valley electron and hole which leads to coupling of the K and K' valleys. The result is a splitting of the exciton states with the dipole moment parallel (L) and perpendicular (T) to the in-plane wavevector, with an energy splitting that is linearly dependent on k-vector outside the light cone [18, 19] . Circularly polarised light excites a linear superposition of L and T excitons with a relative phase that corresponds to a state that initially has a well-defined valley polarisation. The LT-splitting can also be viewed in the pseudospin formalism as an effective magnetic field Ω k that acts on the exciton valley pseudospin via the spin-valley coupling. The magnitude and direction of the effective field depend on the centreof-mass momentum of the exciton as shown in the inset of Fig.4a [24] : the arrows indicate the orientation of the effective field for different orientations of the wavevector. For example, the positive and negative directions along the k x axis both have a field pointing in the x-direction, because the longitudinal polarisation for antiparallel directions is the same. This is the reason explaining the double-winding texture of the effective field. Eigenstates have their pseudo-spin parallel and antiparallel to this field, which is fixing the relative phase between the wave functions in the two valleys. When the system is not in an eigenstate, the pseudospin precesses about the kdependent effective field, which, combined with momentum scattering, is at the origin of the spin relaxation [17] . The scattering of the exciton k-vector due to disorder creates a randomly varying effective magnetic field leading to random spin precession and valley depolarisation, and is known as the Maialle-Silva-Sham (MSS) mechanism [17] .
The high k-vector reservoir excitons relax along their dispersion to low k-vectors eventually forming MPB and LPB polaritons with relaxation rates W MPB and W LP B . Further valley pseudospin relaxation can then occur in the polariton branches before decay out of the cavity with a polariton radiative lifetime. The valley pseudospin relaxation time of the polaritons is much longer than that of the bare excitonic resonances since the spatial extent of the polariton wavefunction (1 µm) is much larger than the typical length scale of exciton disorder (10s of nm). This leads to significantly reduced polariton scattering by the disorder potential [20] and hence reduced valley depolarisation due to the MSS mechanism [17] . Assuming a thermal population of excitons in the reservoir and a polariton wavefunction size of ≈ 1 µm [25] and a linear dependence of the effective magnetic field with in-plane wavevector [18, 19] we estimate that the polariton spin relaxation time is around 20 times longer than the bare exciton (see Supplementary Note 1). In addition, polaritons are detuned from the exciton reservoir states (lower and middle polariton branches) or have a photonic component (upper polariton branch) so the scattering of polaritons back to the exciton reservoir is inhibited, leading to a non-zero net relaxation of high k-vector excitons to the polariton states. The UPB is a unique case as it is always degenerate with excitons at high k-vector due to the parabolic exciton dispersion. As such, the UPB can be populated by direct scattering of these excitons with a rate W UPB and requiring a momentum change of around ∆k = 200 µm −1 . This momentum change corresponds to a localisation of excitons on the order of around 16 nm. The high polarisation degree of the UPB then reflects that of the degenerate high k-vector excitons. For simplicity, in the model we neglect relaxation from the exciton reservoir to the trion reservoir due to trion formation and instead approximate that trion-polaritons are formed by direct relaxation from the exciton reservoir. This assumption is valid since the exciton relaxation rate from high k-vector to low k-vector occurs faster than the trion formation rate [26] . Thus only low kvector trions are formed, for which the LT-splitting is small and hence spin relaxation is slow [19] . These trions then quickly relax to the trion-polariton branches. The resulting dynamical model and associated rate equations, which take into account detuning dependent relaxation, are presented in Supplementary Note 1. In particular, we show that the relaxation rates W MPB and W LP B are strongly dependent on the exciton-cavity detuning and can be related to the exciton, trion and photon components of the constituent polariton branches. We also show that W UPB is proportional to the photonic component of the UPB state. The resultant polarisation dependence of the polariton branches as a function of detuning is shown in Fig.4b which accurately reproduces the experimental data. The main content of the theoretical model can be summarised as follows:
1. The valley pseudospin relaxation times used in Fig.4b are 0.15 ps and 1 ps for the bare exciton and trion respectively (see Supplementary Note 1). Depolarisation in MoSe 2 is due to interaction with disorder and localisation in the film where excitons undergo efficient (< 0.1 ps) scattering between low and high k-vectors leading to efficient depolarisation due to the MSS mechanism [17] [18] [19] . This leads to extrinsic valley depolarisation and the observed low polarisation degrees of the bare exciton and trion emission in MoSe 2 . Intrinsic depolarisation due to phonon scattering of excitons will also contribute, but the effect of disorder scattering in current samples is dominant since the inhomogeneous broadening of 10-20 meV is much larger than the homogeneous linewidth of 1.6 meV [27] .
2. The valley depolarisation times of the polariton states are an order of magnitude longer than the bare exciton and trion due to the reduced interaction with disorder [20] . Fast relaxation of excitons to the polariton branches before depolarisation then allows higher polarisation degrees to be observed in the polariton branches compared to the bare excitonic resonances.
In conclusion, we observe clear retention of valley polarisation in MoSe 2 exciton-polaritons and trionpolaritons. The strong dependence on the cavity detuning can be well described by a dynamical model that incorporates modified relaxation and state lifetimes arising from strong coupling with the cavity mode. The spin-valley locking inherited by TMD polaritons from their exciton and trion components offers new avenues for valley-dependent polariton-polariton interactions where the populations of polaritons in K and K' valleys can be controlled with circularly polarised excitation. This allows the utilisation of the valley degree of freedom in polariton condensates [11] , the optical spin hall effect [24, 28] , optical spin switching [13] and polarisation bistabilities [29] .
METHODS Sample Preparation
The hBN-MoSe 2 stacks on DBR substrates were fabricated by mechanically exfoliated bulk MoSe 2 crystal onto a polymer double layer commonly used for dry transfer methods [30] . The MoSe 2 single layer flake was then used to lift, by van der Waals forces [30] , a thin mechanically exfoliated hBN flake from a separate Si-SiO 2 substrate. The whole stack was then dropped down on the DBR substrate. The PMMA membrane along with the heterostructure stack was heated to 130 degrees to soften the P M M Af o l l o w e db yi t sr e m o v a li na c e t o n et h e ni s o p r oponol. To preserve the MoSe 2 flake from environmental effects a second thin hBN flake was used to fully encapsulate the TMD. All bulk crystals including hBN were acquired from HQGraphene.
Optical Measurements
Optical measurements were performed with samples held in a helium bath cryostat system at a temperature of 4.2K. Top and bottom DBRs were attached to XYZ nanopositioners with additional goniometer stages allowing tilt control of the bottom DBR. Optical excitation of the bare monolayer was possible by removing the top DBR from the optical path. All µ-PL experiments were performed with continuous-wave (cw) excitation using a 638 nm laser diode, focused onto the sample with an achromatic lens. Polarisation resolved measurements were performed using a combination of linear polariser and a quarter waveplate in the excitation path, and quarter wave-plate, half wave-plate and linear polariser in the collection path. PL was collected by focusing onto a single mode fibre which was guided into a 0.75m spectrometer and a high sensitivity charge-coupled device.
Microcavity
The tunable microcavity with embedded TMD monolayer is formed using an external concave mirror to produce a zero-dimensional tunable cavity [25] . The formed cavity electric-field profile is shown in Supplementary  Fig.S8 with the monolayer placed at an electric-field antinode, and nanopositioners are used to control the cavity spectral resonance energy. The nominal radius of curvature of the concave mirror is 20 µm leading to a beam waist on the planar mirror of around 1 µm[ 2 5 ] .
DATA AVAILABILITY STATEMENT
The data that support the plots within this paper and other findings of this study are available from the corresponding author upon reasonable request.
MATERIALS AND CORRESPONDENCE
Correspondence and requests for materials should be addressed to A. Tartakovskii. The anticrossing presented here is at T = 50 K as the increase in thermal energy is comparable to the trion-cavity Rabi splitting leading to a higher population of the MPB and a clearer resolution of the anticrossing. c Polarisation resolved PL spectra at trion-cavity detuning of +2.4 meV under σ + excitation at T = 50 K. Clear retention of circular polarisation is present in both trion-polariton branches as shown by the overlaid polarisation degree (blue crosses). The apparent increase in polarisation degree above 1.640 eV and below 1.625 eV is an artificial effect caused by the large data scatter from the low signal-to-noise in these regions. 
SUPPLEMENTARY NOTE 1: THEORETICAL MODEL
The Boltzmann equations for the populations of the various states are given as:
Here n X± and n i± are the exciton and polariton populations in the K and K' valleys respectively, where i runs from 2 to 4 and denotes the UPB, MPB and LPB. τ i± is the spin relaxation time of the polariton branch given below, and P + is the pumped valley-polarised population of particles. Solving these coupled rate equations in the steady state gives the solutions for the circular polarisation degrees of the exciton-polariton branches:
For the exciton reservoir, the circular polarisation degree is given by:
The circular polarisation degree for the polariton branches and for the system in general is given by the balance of the exciton spin relaxation time and exciton energy relaxation time (total scattering rate out of the exciton reservoir). If the average time the particle spends in the reservoir is longer than the spin relaxation time, the circular polarisation degree will be low.
The coupling of the exciton, trion, and photon modes is described by a coupled oscillator model, where the eigenenergies and the Hopfield coefficients are obtained from the matrix:
where E X = 1.667 eV and E T = 1.639 eV are the exciton and the trion energies and E C is the photon energy, which varies from 1.720 to 1.580 eV. The Rabi splitting for the exciton is taken as 2V X = 15.2 meV, while for the trion we take 2V T = 1.3 meV. The corresponding eigenvectors give the exciton, trion, and photon fractions x i , t i , p i . The polariton lifetime can be written as:
where τ p , τ X0 and τ T are the photon radiative lifetime, and exciton and trion non-radiative lifetimes respectively. Finally, for the polariton spin relaxation times we take the following dependence:
where we assume different valley pseudospin relaxation times for excitons, τ X± , and trions,
The coefficients α and β are required since the polariton spin relaxation due to the excitonic component is reduced in comparison to the bare flake exciton and trion. In the bare flake efficient scattering between low k (small LT-splitting) and high k (large LT-splitting)
excitons occurs due to scattering on disorder or localisation giving rise to fast depolarisation.
Since polaritons are formed from low-k excitons and scattering due to disorder is reduced for the polaritons we expect the contribution to the polariton depolarisation from the exciton component to be less than the bare exciton spin relaxation time. Assuming a thermal population of excitons in the reservoir and a polariton wavefunction ≈ 1 µm [S1] and a linear dependence of the effective magnetic field with in-plane wavevector [S2, S3] we estimate α ≈ β ≈ 0.05. We also take into account spin relaxation of the photonic component, τ p± = 15
ps due to the finite TE-TM splitting of the ground state mode [S4] (see Supplementary Fig.   S7 ).
The exciton-photon detuning affects the circular polarisation degree of the polariton emission via the excitonic (x i ) and trionic (t i ) fractions of the polariton states determining the scattering rates towards these states, while the lifetimes of the states are affected via their photonic fraction (p i ). The following dependences for the scattering rates to the middle and lower polariton branches (i = 3, 4), derived in Supplementary Note 2, are given by:
where W 0 is the exciton energy relaxation rate. The scattering rates have to be proportional to the exciton fraction, and the exciton and trion are summed over, where we assume the presence of an extra electron does not change the relaxation mechanism. If the branch is completely excitonic it becomes degenerate with the exciton reservoir, and the scattering due to interaction with disorder towards the branch becomes balanced by an inverse scattering rate from the branch. The imbalance between the two scattering rates (forward and
to the photonic fraction in the first order approximation, hence
The UPB is a special case, as it is always resonant with some states of the exciton reservoir at high k-vectors. It is therefore possible for high momentum excitons to scatter directly to the photon-like UPB states due to interaction with disorder. The corresponding scattering rate is therefore only proportional to the photonic fraction, while the excitonic one does not play any role: i.e. the exchange between the exciton reservoir and the excitonic fraction of this branch is always strongly balanced. Moreover, since the excitons do not need to relax their energy, and need only to change their momentum, the characteristic time of this process is that of momentum relaxation (pseudospin relaxation), and not that of energy relaxation. Therefore, we assume that:
Another consideration for the UPB is that the direct scattering from the reservoir not only drains it, shortening its lifetime and increasing the average polarisation degree, but also brings strongly polarised particles from higher energy states directly into the resonant polariton states. Since the spin precession rate is linearly proportional to the k-vector, we assume that the polarisation degree in the reservoir decreases linearly with energy, from 100% at the injection point (E X + 300 meV) down to ρ X at E X . This polarisation degree can then decay in the UPB before being emitted out of the system, giving a renormalization
, derived in Supplementary Note 3. In order to reproduce the data the ratio of UPB polariton population coming from this direct scattering from the reservoir compared to indirect relaxation (Eq. S8) is required to be 1 : 1. The excitonic, trionic and photonic frac-tion used in the model to calculate the detuning dependent relaxation times, state lifetimes and spin relaxation times are shown in Fig. S9 We take the exciton and trion lifetimes as τ X0 = 5.3 ps and τ T = 12 ps [S5] and assume that the non-radiative exciton reservoir lifetime is comparable to the exciton PL-lifetime (τ X = 5.3 ps). The photon lifetime measured from the cavity Q-factor at large negative detuning is τ p = 1.3 ps. Finally we take the exciton energy relaxation rate to be W 0 = 1/0.15 ps to reproduce the data; an upper limit of 1 ps can be justified from the resolution-limited rise time for MoSe 2 excitons in recent time resolved measurements [S6] . The polarisation dependence on detuning, shown in Fig. 4b of the main text, is well reproduced using exciton and trion valley relaxation times of τ X± = 0.15 ps and τ T ± = 1 ps respectively.
The enhancement in polarisation degree of the lower and middle polariton branches relative to the bare monolayer case is due to cavity modified relaxation which allows MoSe 2 excitons to relax from the reservoir into polariton states quickly, inhibiting complete spin relaxation in the reservoir. In these polariton states, which are formed with excitons around k ≈ 0, the exciton LT-splitting is small and hence the spin relaxation from the excitonic component of the polariton is around 20 times slower than the bare exciton(see Supplementary Note 1). This is much slower than the polariton lifetime, allowing lower and middle polariton branch particles to decay radiatively without further significant depolarisation, and with higher retention of valley pseudospin. When the photonic fraction of the polariton is high, relaxation into these polariton branches is less efficient causing larger accumulation of particles in the reservoir and hence low polarisation degree. At high exciton or trion fractions, scattering from the reservoir into these polariton branches is efficient, but the low photonic fraction, which determines the radiative decay and hence the imbalance between forward and backward scattering between polariton and reservoir states, leads to a longer time spent in the reservoir and hence low polarisation of emitted light. At intermediate detunings and roughly equal exciton and photon fractions a maximum in polarisation degree is seen which is a comprimise of efficient relaxation due to the exciton component and efficient radiative decay due to the photonic component. The high degree of valley polarisation in the UPB is due to direct scattering of high momentum excitons through interaction with disorder, populating the UPB with highly polarised particles which decay quickly due to their photonic component.
SUPPLEMENTARY NOTE 2: DERIVATION OF THE SCATTERING RATES
First, we would like to describe the scattering between the exciton reservoir (index X) and a polariton state (index 2). In general, the rate equations for the exchange between such states can be written as follows:
where we have omitted all other terms, e.g. lifetime, spin relaxation, etc. The scattering mechanism can be the exciton-phonon interaction or the exciton-exciton interaction: in presence of a thermalized exciton reservoir, both give the same dependence on the temperature and energy difference:
The excitonic fraction x of the polariton state appears in the scattering rate because only the exciton can efficiently interact with phonons, or the other excitons. The coefficient W 0 is the same for both scattering rates, but since in one case (scattering down) the energy (the phonon) is emitted and in the other (scattering up) -absorbed, the corresponding probability factors are different. Our goal is now to simplify these expressions, in order to obtain an analytical solution. Indeed, if the polariton branch is far below the reservoir, the scattering backwards from this branch to the reservoir is small and can be safely neglected.
However, if this branch is close to the reservoir, this scattering is not negligible, and we need to introduce a correction to the scattering rate W X→2 in order to take this into account.
Indeed, in this case the scattering rates W X→2 and W 2→X become comparable, as well as the populations, and so it is possible to write simply the difference of both terms:
which in the first order (when (E X − E 2 ) << k B T ) can be written as
On the other hand, at strongly positive detunings ∆ ≫ V (V is one half of the Rabi splitting), both the photonic fraction p 2 and the relative energy of the polariton state with respect to the exciton (E X − E 2 )/∆ scale as V 2 /∆ 2 , which allows to simplify the expression for the effective scattering rate by using the photonic fraction instead of the energy difference:
and the rate equation now contains a single term with a single effective scattering rate:
In Supplementary Note 1, we omit the index ef f on the scattering rate.
The advantage of all these simplifications is that the final model with a reduced number of terms has a clear analytical solution for the polarisation degree.
SUPPLEMENTARY NOTE 3: SPECIAL CASE OF THE UPB
In the main text, we have discussed that one can assume an energy dependence of the polarisation degree within the reservoir: fully polarized particles are injected at high energy and they progressively lose their polarisation as they relax in energy. Therefore, if the UPB is resonant with some particular energy state within the reservoir, there will be an incoming scattering rate towards this UPB with a certain polarisation degree (higher than at the bottom of the exciton reservoir). These polarized polaritons of the UPB will then lose their polarisation within this branch, before being emitted out of the system. To obtain their final polarisation degree, let us consider the UPB as a separate system with a pumping P (which describes the scattering from the reservoir) carrying a polarisation degree ρ. The lifetime of the states of the UPB is τ 2 and the spin relaxation time τ 2± . The rate equations for this reduced system can be written as follows:
The stationary solution of this system of equations is:
which gives a simple expression for the polarisation degree of the UPB:
used in the main text. Measurements in the main manuscript were performed at 100 µW. Polariton branches are fitted with lorentzian functions in order to extract the peak positions to estimate the Rabi splitting. The Hamiltonian describing the coupling between the exciton, trion and photon is given by:
where E X , E T and E C are the exciton, trion and cavity energies respectively. V X and V T are the exciton-photon and trion-photon coupling strengths.
The peak positions are obtained from a fit of multiple lorentzians to the various peaks using a non-linear least squares method. The peak positions are then simultaneously fitted with the analytical solution to the Eqn. S19 where all parameters are shared in the fitting procedure. The cavity mode energy is assumed to follow the relationship E c = y 0 +aV +bV 2 where the coefficients a and b take into account the linear and nonlinear change in mirror separation as a function of applied piezo voltage (V). The resultant fit is shown in Fig. S5 where the fitted Rabi splittings for trion-cavity and exciton-cavity couplings are 1.0 ± 0.3 meV and 15.2 ± 0.1 meV respectively. The polarisation degree in Fig. 2 of the main text is calculated from the peak-intensity extracted from the fits of the co-and cross-polarized data.
In Fig. 2 of the main text MPB data points at slight negative trion-cavity detuning have been discarded where fitting poorly reproduced the data. These correspond to fits which poorly reproduce the MPB intensity due to the order of magnitude difference in intensity between LPB and MPB at around −30 meV. 
